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Mechanics and Finite Element for Nonlinear Response
of Active Laminated Piezoelectric Plates

Dimitris Varelis∗ and Dimitris A. Saravanos†

University of Patras, GR26500 Patras, Greece

A theoretical framework for analyzing piezoelectric composite laminates that includes nonlinear effects as a
result of large displacements and rotations is presented. Nonlinear mechanics equations are incorporated into a
coupled mixed-field piezoelectric laminate theory. Using the nonlinear laminate theory, a nonlinear finite element
methodology and an incremental-iterative solution are formulated for the analysis of nonlinear adaptive laminated
plate structures with piezoelectric actuators and sensors. An eight-node nonlinear plate finite element is also
developed. The mechanics models are applied on the nonlinear active response of composite plates with piezoelectric
actuators. Various application cases quantify the nonlinear active flexural response of beams and plates with
piezoelectric actuators.

Nomenclature
A, B, D = generalized laminate stiffness matrices
b = body force
C = elastic stiffness
D = electric displacement
d = incremental operator
E = electric field
Ēm , Êm = generalized laminate piezoelectric matrices
e = piezoelectric coefficients
F = external mechanical force
Gmn = generalized laminate permittivity matrices
K L = nonlinear matrix
K o = linear matrix
K σ = initial stress matrix
K̄ = tangential stiffness matrices
k = curvature
N = in-plane interpolation functions
P1, P2 = nonlinear stiffness matrix depending on linear

and quadratic displacements
P3, P4 = converse and direct nonlinear piezoelectric

matrix depending on linear displacements
Q = external electric charge
S = strain
u, v, w = displacements along x , y, z axes
x , y, z = coordinate axes
βx , βy = rotation angles
δ = variational operator
ε = electric permittivity
σ = stress
τ̄ , q̄ = prescribed surface traction and charge
ϕ = electric potential
�m = through-thickness interpolation functions
�e = nodal charge imbalance
�u = nodal force imbalance
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Subscripts

L = nonlinear terms
uu, ue, eu, ee = structural, converse piezoelectric, direct

piezoelectric, dielectric
x , y, z = x , y, z component
1, 2, 3 = normal components
4, 5, 6 = out-of-plane and in-plane shear component
, = differentiation

Superscripts

E = constant electric field conditions
m, n = layerwise component
o = terms referred on midsurface
S = constant strain conditions

Introduction

D URING the recent years, the study of piezoelectric compos-
ite materials of smart/adaptive piezoelectric structures has re-

ceived substantial attention. Numerous analytical and computational
models for smart/adaptive piezoelectric structures using various the-
ories have been reported,1 but the majority of them have been lim-
ited to the linear region and have been mainly focused on the static
and dynamic response of smart structures. For example, early work
has been reported on linear induced-strain Kirchhoff and first-order
shear models for plates2,3 and shells.4 Uncoupled layerwise beam
models5 and uncoupled higher-order plate finite elements6 were pre-
sented. Coupled linear plate and shells models were also developed
using full layerwise7 or mixed single-layer layerwise mechanics
models and finite elements.8,9 Exact linear static and dynamic so-
lutions for various plate geometries have been also reported.10,11

However, among the many issues that have surfaced so far, one is
that in many applications the severity and type of electromechanical
loading can exceed the linear range, thus inducing nonlinear behav-
ior and new modes of failure such as buckling or structural stability
problems. Another issue is the initiative for developing adaptive
structures capable of undergoing large deformations, such as mor-
phing structures. This paper addresses some of these needs in current
technology, by presenting a nonlinear mechanics formulation and a
finite element solution for the analysis of piezoelectric-composite
laminated beams and plates undergoing large rotations and deflec-
tions.

Limited in scope, work has been reported thus far on the non-
linear response of piezoelectric structures. In the area of nonlinear
material behavior, Fripp and Hagood12 reported a theoretical frame-
work for the dynamic response of electrostrictive actuators, and
Debus et al.13 presented a finite element model for the static analysis
of electrostrictive actuators. Lee and Saravanos14 developed layer-
wise mechanics equations and a finite element method for thermal
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piezocomposite plates with temperature-varying material proper-
ties. Thornburgh and Chattopadhyay15 reported high-order models
for the behavior of active plates using nonlinear piezoelectric terms.
In the area of geometric nonlinearity of piezoelectric structures,
Pai et al.16 reported an uncoupled induced-strain nonlinear theory
for the dynamics and active control of piezoelectric plates, Tzou
and coworkers17,18 reported uncoupled theoretical formulations for
thermopiezoelectric plates and for the active control of nonlinear
deflections, Oh et al.19 presented an uncoupled layerwise finite ele-
ment for postbuckling of thermopiezoelectric plates, and Mukherjee
and Chaudhouri20 investigated the nonlinear response of a cantilever
bimorph beam.

The present paper presents a generalized efficient multifield non-
linear mechanics theory and a finite element type for the analysis
of piezocomposite laminates and plates, which include nonlinear
effects caused by large displacements and rotations. The devel-
opment of a coupled nonlinear piezoelectric laminate theory that
uses both displacements and electric potential as field variables is
first described. Governing nonlinear equations are presented and are
subsequently combined with mixed-field shear-layerwise kinematic
assumptions.8 Discrete nonlinear equations of motion are formu-
lated for piezoelectric plate structures in combination with an in-
plane finite element approximation. An incremental-iterative tech-
nique, based on Newton–Raphson solution method,21 is formulated
next. Discrete linearized equations of motion are derived, and the
new tangential and nonlinear system matrices and terms are enumer-
ated. Finally, a parabolic nonlinear piezocomposite plate element is
developed. The nonlinear static response of active piezocomposite
plates, subject to combined flexural mechanical and electric loads,
is subsequently investigated. Various numerical results from eval-
uations and applications of the method on active beams and plates
subject to large quasi-static out-of-plane electromechanical loads
are shown. The contribution of new terms on the nonlinear response
is also illustrated.

Laminate Mechanics
Governing Equations

The material of each ply of the piezoelectric laminate is assumed
to remain within the range of linear piezoelectricity, with constitu-
tive equations of the form

σi = C E
i j S j − eik Ek, Dl = el j S j + εS

lk Ek (1)

where i, j = 1, . . . , 6 and k, l = 1, . . . , 3; σi and Sj are the mechan-
ical stresses and engineering strains in extended vectorial notation,
Ci j is the elastic stiffness tensor, eik is the piezoelectric tensor, Ek is
the electric field vector, Dl is the electric displacement vector, and
εlk is the electric permittivity tensor. The preceding equations de-
scribe the material behavior either on the orthogonal material axes
1, 2, 3 or the structural axes x , y, and z, respectively, provided that
proper transformations are applied on material property matrices.

The Green–Lagrange strains in each ply are assumed to have the
following form:

S1 = u,x + 1
2 w2

,x , S2 = v,y + 1
2 w2

,y

S6 = (u,y + v,x ) + w,xw,y, S4 = u,z + w,x

S5 = v,z + w,y, S3 = 0 (2)

where the first right-hand-side (RHS) terms describe the linear strain
components and the last RHS terms are the nonlinear strain compo-
nents caused by large out-of-plane rotations, respectively.

Kinematic Assumptions
The coupled mixed-field laminate theory8 kinematic assumptions

are used, which combine a linear displacement field with a discrete-
layer electric potential field, thus representing all state variables
through the laminate thickness. The discrete-layer field divides the
laminate into L-1 sublaminates and assumes a continuous electric

a) Piezoelectric laminate

b) Piezoelectric laminate theory assumptions

Fig. 1 Piezoelectric laminates: a) mixed-field kinematic assumptions
and b) assumed through-the-thickness displacement and electric poten-
tials fields.

potential field through each sublaminate, such that a piecewise con-
tinuous field results through the whole thickness of the piezolam-
inate, as seen in Fig. 1. The assumed displacements and electric
potential have the following form through the thickness:

u(x, y, z, t) = uo(x, y, t) + zβx (x, y, t)

v(x, y, z, t) = vo(x, y, t) + zβy(x, y, t)

w(x, y, z, t) = wo(x, y, t)

ϕ(x, y, z, t) =
L∑

m = 1

ϕm(x, y, t)�m(z) (3)

where uo, vo, wo are midsurface displacements, βx and βy are rota-
tion angles, φm are electric potential values describing the layerwise
electric potential field, and �m are linear interpolation functions. In
the context of the preceding kinematic assumptions [Eq. (3)] and
nonlinear strain relations [Eq. (2)], the strains through the thickness
of the laminate take the following form:
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where i = 1, 2, 6 and j = 4, 5; S0
i , S0

sj are midinplane and shear
strains, respectively, and k0

i midsurface curvatures8; SLi are the non-
linear laminate strains on the midsurface, which are expressed here:

SL1 = 1
2 wo2

,x SL2 = 1
2 wo2

,y SL6 = wo
,x · wo

,y (5)

The electric field vector has the form

Ei (x, y, ζ, t) =
L∑

m = 1

Em
i (x, y, t)�m(ζ ), i = 1, 2

E3(x, y, ζ, t) =
L∑

m = 1

Em
3 (x, y, t)�m

,ζ (ζ ) (6)
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where the generalized electric field vector Em is defined as

Em
1 = −
m

,x , Em
2 = −
m

,y, Em
3 = −
m (7)

Generalized Equations of Motion
The mechanical and electrical equilibrium of the laminated plate

are represented by the stress equilibrium and the conservation of
electric charge equations, respectively. Through the use of the di-
vergence theorem, the latter can be expressed by the equivalent
variational forms shown in the RHS of the following equations:

{δu}T {�u} = −
∫

V

δSiσi dV +
∫

V

δu j b j dV +
∫

�τ

δū j τ̄ j d� = 0

{δϕ}T {�e} = −
∫

V

δE j D j dV +
∫

�q

δϕ̄q̄ d� = 0

i = 1, . . . , 6, j = 1, . . . , 3 (8)

The vectors �u , �e represent differences between internal and
external forces and charges, respectively, which diminish at equilib-
rium; τ̄ are the surface tractions on the bounding surface �τ , q̄ is the
electrical charge applied on the terminal bounding surface �q ; and
V represents the whole laminate volume including both composite
and piezoelectric layers. Combining Eq. (8) with Eqs. (4–6), inte-
grating through the thickness of the piezocomposite laminate, and
collecting the common generalized strain and electric field terms,
equivalent variational forms are finally derived at the laminate level:

{δu}T {�u} = −
∫

Ao

(
{δSo}T [A]{So} + {δSo}T [B]{ko}

+ {δko}T [B]{So} + {δko}T [D]{ko} + {
δSo

s

}T
[As]

{
So

s

}

+ {δSL}T [A]{So} + {δSL}T [A]{SL} + {δSL}T [B]{ko}

+ {δSo}T [A]{SL} + {δko}T [B]{SL} +
∑

m

{δSo}T [Ēm]{Em}

+
∑

m

{δko}T [Êm]{Em} +
∑

m

{δSL}T [Ēm]{Em}
)

dA

+
∫

�τ

{δu}T {τ̄ } d� = 0

{δϕ}T {�e} = −
∫

Ao

(∑

m

{δEm}T [Ēm]{So} +
∑

m

{δEm}T [Êm]{ko}

+
∑

m

{δEm}T [Ēm]{SL} +
∑

mn

{δEm}T [Gmn]{En}
)

dA

+
∫

�q

{δϕ}T {q̄} d� = 0, m, n = 1, . . . , L (9)

The first equation mandates the mechanical equilibrium of an
active laminate, where the first line contains linear terms, the sec-
ond nonlinear terms, and the third linear and nonlinear piezoelec-
tric terms. The second equation describes the electrical (sensory)
equilibrium of the piezoelectric laminate at a state (u, ϕ). In these
equations, Ao is the midsurface and As is the shear stiffness matrix.

Equations (9) eventually provide a set of nonlinear equations,
which, although might not be solved directly, they form the ba-
sis for the development of various iterative or searching solution
techniques. The Newton–Raphson technique21 is chosen because of
its simplicity and also because it provides a linearized system of
equations of motion. Equations (9) are further differentiated, and
considering that δ expresses the variation of state variables u and ϕ

they yield:

{δu}T {d�u} = −
∫

Ao

(
{δSo}T [A]{dSo} + {δSo}T [B]{dko}

+ {δko}T [B]{dSo} + {δko}T [D]{dko} + {
δSo

s

}T
[As]

{
dSo

s

}

+ {δSL}T [A]{dSo} + {δSL}T [A]{dSL} + {δSL}T [B]{dko}
+ {δSo}T [A]{dSL} + {δko}T [B]{dSL} + {dδSL}T [A]{SL}

+ {dδSL}T

(
[A]{dSo} + [B]{dko} −

∑

m

[Ēm]{dEm}
)

+
∑

m

{δSo}T [Ēm]{dEm} +
∑

m

{δko}T [Êm]{dEm}

+
∑

m

{δSL}T [Ēm]{dEm}
)

dA

{δϕ}T {d�e} = −
∫

Ao

(∑

m

{δEm}T [Ēm] {dSo}

+
∑

m

{δEm}T [Êm]{dko} +
∑

m

{δEm}T [Ēm]{dSL}

+
∑

mn

{δEm}T [Gmn]{dEn}
)

dA, m, n = 1, . . . , L (10)

Finite Element Formulation
A finite element methodology for the analysis of composite piezo-

electric plates is formulated, encompassing the precedings gener-
alized nonlinear laminate mechanics. The state variables are ap-
proximated on the reference midplane Ao with local interpolation
functions N (x, y) of the following form:

uo
j (x, y, t) =

M∑

i = 1

uoi
j (t)N i (x, y), j = 1, . . . , 3

βo
j (x, y, t) =

M∑

i = 1

β i
j (t)N i (x, y), j = 1, . . . , 2

ϕm
j (x, y, t) =

M∑

i = 1

ϕmi (t)N i (x, y), m = 1, . . . , L (11)

where M is the number of element nodes indicated by superscript; L
indicates the number of unknown electric potential values describing
the layerwise representation through the laminate thickness. Thus a
family of in-plane elements can be defined with five structural and L
electric degrees of freedom per node, which include displacements
u, rotations β, and electric potential ϕm , respectively.

Combining Eqs. (4–7) with Eq. (11), substituting into Eq. (9), and
collecting the common nodal displacement and electric potential
terms, the following system of equations results:

{�u(u,ϕ)} = −[Kuu(u,ϕ)]{u} − [Kue(u,ϕ)]{ϕ} + {F}
{�e(u,ϕ)} = −[Keu(u,ϕ)]{u} − [Kee(u,ϕ)]{ϕ} + {Q} (12)

At equilibrium [�u(u∗,ϕ∗) = �e(u∗,ϕ∗) = 0] the preceding
equations provide a discrete system of nonlinear equations, whereas
away from equilibrium they yield the nodal imbalance force vector
{�u} between internal forces, actuator forces, and external loads,
and the imbalance charge vector {�e} between internal and external
charges. The matrices [K ] with subscripts uu, ue, and ee indicate
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the actual nonlinear stiffness, piezoelectric, and permittivity matri-
ces of the plate. {F} and {Q} are the externally applied loads and
charge vectors, respectively. The actual structural, piezoelectric, and
permittivity matrices are expressed analytically by the following
equations:

[Kuu(u, ϕ)] = [
K o

uu

]+ [
K L

uu

]= [
K o

uu

]+ [P1(u)]/2 + [
P2(u2)

]/
3

[Kue(u, ϕ)] = [
K o

ue

] + [
K L

ue

] = [
K o

ue

] + [P3(u)]

[Keu(u, ϕ)] = [
K o

eu

] + [
K L

eu

] = [
K o

eu

] + [P4(u)]/2

[Kee(u, ϕ)] = [K o
ee

]
(13)

where superscripts o and L indicate linear and nonlinear compo-
nents; P1(u) and P2(u2) indicate nonlinear stiffness terms, which
depend linearly and quadratically on displacements, respectively;
and P3(u) and P4(u) indicate the nonlinear piezoelectric matrices
that depend linearly on displacements. The solution of the nonlin-
ear system (12) is calculated iteratively using the Newton–Raphson
method. Substituting Eqs. (4–7) together with Eq. (11) into Eq. (10)
and after collecting the common terms, the linearized matrices for
the nonlinear piezoelectric structure are obtained. These, in the con-
text of a Newton–Raphson method, provide a coupled system of
equations:

[K̄uu(u, ϕ)]{du} + [K̄ue(u, ϕ)]{dϕ} = {�u(u, ϕ)}
[K̄eu(u, ϕ)]{du} + [K̄ee]{dϕ} = {�e(u, ϕ)} (14)

which yields a step (du, dϕ) toward the solution (u∗,ϕ∗) of the
nonlinear equations (12). The first equation describes the linearized
structure behavior including actuator input, and the second equation
describes the linearized sensory response about a point (u, ϕ).

The tangential structural, piezoelectric, and permittivity matrices
contain the following terms:

[K̄uu(u, ϕ)] = [
K̄ o

uu

]+ [
K̄ σ

uu

]+ [
K̄ L

uu

]

= [
K̄ σ

uu

]+ [
K̄ σ

uu

] + [P1(u)] + [
P2(u2)

]

[k̄ue(u, ϕ)] = [
K̄ o

ue] + [
K̄ L

ue

] = [
K̄ o

ue

] + [P3(u)]

[K̄eu(u, ϕ)] = [
K̄ o

eu

] + [
K̄ L

eu

] = [
K̄ o

eu

] + [P4(u)]

[K̄ee(u, ϕ)] = [
K̄ o

ee

]
(15)

The tangential matrices have very similar structure and terms with
the actual system matrices in Eq. (13). However, there is a new
matrix appearing; this is the stress stiffness matrix K σ

uu, which in-
cludes the effect of linear and nonlinear stress on the tangential
stiffness matrix. More detailed definitions of the total and tangen-
tial matrices are provided in the Appendix.

An eight-node finite element was further developed, implement-
ing quadratic Serendipity shape functions in the approximation of
all nodal degrees of freedom shown in Eq. (11). The solution proce-
dure just described and finite element matrices, specialized for the
eight-node element, were encoded into prototype research software.

Numerical Results and Discussion
In this section, validations and evaluations of the developed mod-

els are presented for various active piezoelectric composite beams
and plates. The materials considered were aluminum, graphite-
epoxy composites, lead zirconate titanate (PZT5) piezoceramic,
and polyvinylidene fluoride (PVDF) piezopolymer with properties
shown in Table 1. The location of piezoelectric layers in the piezo-
laminate is indicated with letter p using standard laminate notation.

Validation Cases
Fully Clamped Plate

A square plate fully clamped at four edges (E = 68.965 Gpa
and v = 0.316), with dimensions Lx = L y = 203 mm and thickness

Table 1 Mechanical properties

Property Gr/epoxy Al PZT-5 PVDF

Elastic properties
E11, GPa 132.4 66 62 4
E22, GPa 10.8 66 62 4
G23, GPa 3.6 27 18 1.54
G13, GPa 5.6 27 23.6 1.54
G12, GPa 5.5 27 23.6 1.54
ν12 0.24 0.3 0.31 0.3
ν13 0.24 0.3 0.31 0.3
ν23 0.49 0.3 0.31 0.3

Piezoelectric coefficients (10−12 m/V)
d31 0 0 −220 −23
d32 0 0 −220 −23
d24 0 0 670 670
d15 0 0 670 670

Electric permittivity
ε11/εo

a 3.5 3.5 2598 12.43
ε22/εo 3 3 2598 12.43
ε33/εo 3 3 2598 12.43

aεo = 8.85 10−12 farad/m, electric permittivity of air.

Fig. 2 Transverse deflection at center of an isotropic fully clamped
plate loaded with transverse pressure.

h = 2.032 mm, subject to a uniform transverse pressure P was mod-
eled, using a uniform 12 × 6 mesh of the present eight-node element.
The predictions of the center deflection, normalized by the laminate
thickness h, for various increments of the pressure, are shown in
Fig. 2. In this and all subsequent figures, the line symbols indicate
load increments. The present predictions are in excellent agreement
with results reported by Palazotto and Dennis22 using an eight-node
higher-order shear element and with an analytical solution by Levy23

based on a Fourier-series solution.

Fully Hinged Plate
An orthotropic square composite plate, hinged in all four

edges, with material properties Ex = 20.68 GPa, Ey = 8.82 GPa,
G12 = G13 = G23 = 2.5 GPa, v12 = v13 = v23 = 0.32 and geometric
dimensions Lx = L y = 304.8 mm, h = 3.5052 mm was also ana-
lyzed using a uniform 8 × 8 mesh. Figure 3 shows the transverse
deflection at the center of the plate for increasing values of applied
uniform pressure. The deflections predicted by the present method
are in excellent agreement with results reported by Reddy,24 which
lends further credence to the present finite element model.

Active Structures
Hinged Bilayer Piezoceramic Beam

The nonlinear quasi-static response of a [p/p] bimorph piezoce-
ramic PZT-5 strip, hinged at both ends, which is subject to a combi-
nation of applied electric potential and uniform pressure, was exam-
ined. The length of the strip is Lx = 200 mm, the width L y = 20 mm,
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Table 2 Predicted center deflections for various uniform mesh
densities in active beam cases

Center deflection w/h

[Al/PZT5] beam, ϕA = 94.2 V
Finite element [PZT5/PZT5] beam,
mesh ϕA = 775 V with P3(u) w/o P3(u)

4 × 1 0.888 0.519 0.265
10 × 1 0.901 0.519 0.265
20 × 1 0.902 0.519 0.265

Fig. 3 Transverse deflection at center of an orthotropic fully hinged
plate loaded with transverse pressure.

a)

b)

Fig. 4 Actuator and applied electric potential configurations: a) bi-
morph beam and b) composite beam or plate cross section with piezo-
electric actuators attached on upper and lower surface.

and the thickness of each piezoelectric layer was h p = 0.5 mm. The
beam was modeled using a uniform mesh of 10 × 1 elements. Elec-
tric fields of opposite polarity were applied at each piezolayer, by
applying electric potential ϕA-on the outer terminals of the piezo-
electric layers, and 0 V at the inner terminal (Fig. 4a), such that a
bending moment is effectively applied by the active layers. Figure 5
shows the deflection at the center of the beam for increasing values
of applied electric potential, where the symbols indicate the applied
electric potential increments used in the analysis. Table 2 shows
the convergence of the predicted transverse deflection for various
uniform mesh densities. The results indicate that the bimorph beam
will exhibit a progressively increasing nonlinear behavior when high
electric voltage is applied. The results show that the bending effec-
tiveness of the actuators is progressively reduced at high deflection
values, as if their active bending capability reaches a saturation
plateau. For the case of symmetric actuator layup and pure active
bending moment, as is the case of the present bimorph beam, this
phenomenon is solely attributed to the membrane bending stiffen-

Fig. 5 Transverse center deflection of a hinged-hinged bimorph active
strip.

ing of the structure induced by the large rotation and represented
in the nonlinear stiffness component K L

uu [term P2 in Eqs. (13) and
(14)]. This saturation phenomenon in the active bending of the beam
is more profound in the cases of preapplied mechanical pressure
shown in Fig. 5; the latter increases the beam deflection and mem-
brane bending stiffness, thus further reducing the bending deflection
induced by the actuators. The results illustrate that active piezoelec-
tric structures, even by assuming that their actuators behave withing
their linear range as in the present model does, can actually exhibit
very different active response when are forced to operate under large
bending deflections.

Clamped-Free Bilayer Beam
A bimorph (PVDF/PVDF) cantilever beam, having the same di-

mensions as in the preceding case, was examined. The beam was
modeled using a uniform mesh of 10 × 1 elements. Active bending
is induced by applying opposite electric fields at each layer simi-
larly to the preceding case (Fig. 4a). Figure 6a shows the predicted
transverse tip displacement for various values of applied electric po-
tential ϕA. The transverse deflection exhibits almost linear behavior
because there are no in-plane stresses to stiffen the beam. Instead,
the method predicts an in-plane deflection that varies nonlinearly
with electric voltage, as seen in Fig. 6b. Linear theories do not pre-
dict an in-plane deflection, which again demonstrates one additional
capability of the present nonlinear mechanics model.

Plates with Continuous Actuators
Four active square plates, simply supported on all sides with con-

tinuous PZT5 actuators attached on their free surfaces (Fig. 4b), were
modeled having either an aluminum or Gr/epoxy laminated cross
ply [02/902]s, or quasi-isotropic [0/90/45/−45]s or unsymmetric
[452/−452]2 cores of equal thickness h = 1 mm. The dimensions of
all plates were 203 × 203 mm, the ply thicknesses hl = 0.125 mm,
and the piezolayer thicknesses h p = 0.25 mm. An 8 × 8 element
uniform mesh model was used. A bending electric potential pattern
of opposite polarity was applied on the actuators as shown in Fig. 4b,
with ϕA V applied on the outer terminals of the actuators, and 0 V ap-
plied on the inner terminals. Figure 7 shows the displacement at the
center of the various plates. The predicted behavior becomes highly
nonlinear at intermediate and high values of applied potential. The
nonlinearity is produced by the same mechanisms discussed in the
beam cases, with the exception of the unsymmetric laminate were
additional membrane bending coupling is introduced into P1(u) as
a result of the nonzero coupling matrix [B]. The convergence rate
of the finite element predictions for each case is shown in Table 3.

Plates with Actuator Patches
Similar active plate geometries and core laminations were con-

sidered, as in the preceding case, but the actuator layers have been
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Table 3 Center deflections for various uniform mesh densities in active plate with continuous
actuator layers (ϕA = 2000 V)

Center deflection w/h

Mesh [PZT5/Al/PZT5] [PZT5/02/902]s [PZT5/0/90/45/−45]s [PZT5/(452/−452)2/PZT5]

4 × 4 1.900 2.293 2.015 1.838
8 × 8 1.976 2.420 2.133 1.942
12 × 12 1.991 2.437 2.154 1.959

a)

b)

Fig. 6 Predicted tip deflections of a cantilever bimorph (PVDF/PVDF)
active beam: a) transverse deflection and b) axial deflection.

Fig. 7 Transverse center deflection of simply supported active plates
with various laminate configurations and PZT5-actuators.

a)

b)

Fig. 8 Schematic configuration of plate with piezoelectric patches at-
tached on upper and lower surface: a) top and b) side view.

Fig. 9 Transverse center deflection of simply supported active plates
with various laminate configurations and PZT5 patch actuators.

replaced with four piezoelectric patches covering 25% of the plate
surface as shown in Fig. 8. All four patch pairs were identically
loaded to induce bending moments. Finite element models with an
8 × 8 element mesh were used in all cases. Figure 9 shows the de-
flection (normalized by the total thickness of the laminate including
the actuators) at the center of each plate, and as expected there is
deviation from the results shown in Fig. 7. In this case, the actua-
tor patches contribute less to the plate stiffness than the continuous
actuator layers in the preceding cases, thus the actuator moment
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Fig. 10 Deformed shape of [02/902]s simply supported active plate with
active piezoelectric patches atϕA = 2000 V. All dimensions are in meters.

Fig. 11 Transverse center deflection of a hinged-hinged active asym-
metric [Al/p] strip with a single continuous actuator attached on the
upper surface.

is received mainly by the composite core stiffness, resulting in a
more flexible configuration that seemingly behaves nonlinearly at
lower deflection values. Figure 10 shows the deformed shape of the
[02/902] plate at the end of the load path (ϕA = 2000 V). The de-
formation appears highly nonuniform and changes slowly in shape
with further increasing applied electric potential values.

Beam with Asymmetric Actuator
The active response of a hinged-hinged asymmetric [Al/p] com-

posite beam Lx = 200 mm, L y = 20 mm, with a PZT-5 layer attached
on the upper surface is predicted, using a uniform 10 × 1 mesh.
The thickness of the aluminum was 0.75 mm and of the piezolayer
0.25 mm. An electric voltage ϕA is imposed on the upper terminal
while the inner terminal remained grounded; thus, both in-plane and
bending loads were induced by the actuator. In the case of actuators
placed through the thickness or loaded such that an average in-plane
force is applied, as in the present case of the single actuator, the non-
linear piezoelectric component [K L

ue] = [P3(u)] becomes nonzero at
high rotation angles w,x , w,y , and physically corresponds to an ac-
tive nonlinear force component acting along the thickness direction
z. Figure 11 shows the center deflection of the active beam vs the
applied electric potential for cases where the piezoelectric matrix
includes 1) only the linear terms K o

ue and 2) both K o
ue and P3(u) ma-

trices. In both cases, the induced stress by the piezoactuator applies
a bending moment and an in-plane force, causing the transverse de-
flection seen in Fig. 11 for P3(u) = 0. The difference predicted with
the inclusion of P3(u), however, represents the effect of a third non-
linear active force, acting transversely to the beam at high rotations.
Thus, the results in Fig. 11 illustrate that in addition to the nonlinear

Fig. 12 Transverse center deflection of a fully hinged [0/90/45/−−45/p]
active asymmetric plate with a continuous actuator attached on the
upper surface.

membrane-bending stiffening effects (term K L
uu), investigated in the

preceding cases of pure bending actuation, the nonlinear piezoelec-
tric component K L

ue can also significantly affect the active structural
response. A third type of nonlinear effect is also depicted in Fig. 11;
this is a nonlinear loss in flexural stiffness induced by the active
in-plane force and expressed by the tangential stress stiffness ma-
trix K σ

uu in Eq. (15) resulting in the onset of buckling, but this issue
will be investigated in future work. Table 2 illustrates the very good
convergence rate of the present finite element method in predicting
this type of nonlinear response.

Hinged Plate with Asymmetric Actuators
The case of a fully hinged asymmetric [0/90/45/−45/p] active

plate with a continuous piezoelectric active layer attached on the
upper surface is examined. The dimensions of the plate are identical
to those in the preceding cases. The thickness of each composite ply
is 0.25 mm and of the piezoelectric layer 0.25 mm. An 8 × 8 element
uniform mesh model was used. This is seemingly the most complex
case considered thus far, involving all of the nonlinear stiffness and
piezoelectric terms of the formulation, shown in Eqs. (13) and (15),
as a result of the asymmetry in laminate and actuator configura-
tion. Most comments in the preceding case regarding the multiple
sources of nonlinearity, also apply here. Figure 12 shows the cen-
ter deflection of the plate as function of the applied actuator voltage
with and without consideration of the nonlinear piezoelectric matrix
P3(u). Similarly to the preceding case, the absence of the nonlin-
ear piezoelectric matrix component P3(u) can result in significant
underestimation of the active structure response.

In closing, all preceding numerical examples have demonstrated
the new capabilities introduced by the present nonlinear mechan-
ics framework and finite element methodology into the analysis of
active piezoelectric plate structures. They have also illustrated the
strong nonlinear effects exerted on such structures when the latter
are subject to large rotation deformations. These effects should not
be confused with effects induced by the nonlinear behavior of the
piezoelectric elements, which are not included herein and can be
addressed in the future.

Summary
A theoretical framework was presented for the coupled nonlin-

ear response of laminated plate structures with nonlinear geometric
effects caused by large rotations, entailing laminate mechanics and
a finite element solution. Emphasis was placed on active nonlinear
plate structures. Based on this framework, an eight-node nonlin-
ear plate element was developed and encoded into a research code,
enabling realistic predictions of the quasi-static nonlinear response
of composite beams and plates with piezoelectric actuators. Eval-
uation results were presented for various active beams and plate
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configurations. The results have demonstrated the progressively in-
creasing strong nonlinear behavior of active structures at large bend-
ing deflections, driving the active bending response in a saturation
region. The dependence of linear active response on the piezolam-
inate configuration was also demonstrated. Finally, the onset of a
new active force/pressure component at large bending rotations act-
ing transversely to the plate was predicted for the case of non-purely
bending actuation, and its contribution on the transverse deflection
was quantified.

Overall, the results illustrate the significance of the nonlinear ac-
tive behavior in piezoelectric adaptive structures caused by large
displacements and highlight the value and quality of the present
theory and finite element method. Future work can focus on exper-
imental demonstrations, on the extension of the present work on
nonlinear sensory structures, and on the buckling and postbuckling
behavior of adaptive structures.

Appendix: Linear and Nonlinear Finite Element Matrices
Tangential terms [Eq. (15)]:

δuT
[
K̄ o

uu

]
du =

∫

Ao

({δSo}T [A]{dSo} + {δSo}T [B]{dko}

+ {δko}T [B]{dSo} + {δko}T [D]{dko} + {δSo}T [As]{dSo}) dA

δuT
[
K̄ σ

uu

]
du =

∫

Ao

{dδSL}T

(
[A]{dSo} + [B]{dko}

−
∑

m

[Ēm]{dEm}
)

dA

δuT
[
K̄ L

uu

]
du =

∫

Ao

({δSL}T [A]{dSo} + {δSL}T [B]{dko}

+ {δSo}T [A]{dSL} + {δko}T [B]{dSL}) dA

δuT
[
K̄ L

uu

]
du =

∫

Ao

({δSL}T [A]{dSL} + {dδSL}T [A]{SL}) dA

δuT
[
K̄ o

ue

]
dϕ =

∫

Ao

({δSo}T [Ēm]{dEm} + {δko}T [Êm]{dEm}) dA

δuT
[
K̄ L

ue

]
dϕ =

∫

Ao

({δSL}T [Ēm]{dEm}) dA

δϕT
[
K̄ o

eu

]
du =

∫

Ao

({δEm}T [Ēm]{dSo} + {δEm}T [Êm]{dko}) dA

δϕT
[
K̄ L

eu

]
du =

∫

Ao

({δEm}T [Ēm]{dSL}) dA

δϕT
[
K̄ o

ee

]
dϕ =

∫

Ao

({δEm}T [Gmn]{dEn}) dA

Actual matrix terms [Eq. (13)]:

δuT
[
K̄ o

uu

]
u =

∫

Ao

({δSo}T [A]{So} + {δSo}T [B]{ko}

+ {δko}T [B]{So} + {δko}T [D]{ko} + {δSo}T [As]{So}) dA

δuT
[
K̄ L

uu

]
u =

∫

Ao

({δSL}T [A]{So} + {δSL}T [B]{ko}

+ {δSo}T [A]{SL} + {δko}T [B]{SL}) dA

δuT
[
K̄ L

uu

]
u =

∫

Ao

({δSL}T [A]{SL}) dA

δuT
[
K̄ o

ue

]
ϕ =

∫

Ao

({δSo}T [Ēm]{Em} + {δko}T [Êm]{Em}) dA

δuT
[
K̄ L

ue

]
ϕ =

∫

Ao

({δSL}T [Ēm]{Em}) dA

δϕT
[
K̄ o

eu

]
u =

∫

Ao

({δEm}T [Ēm]{So} + {δEm}T [Êm]{ko}) dA

δϕT
[
K̄ L

eu

]
u =

∫

Ao

({δEm}T [Ēm]{SL}) dA

δϕT
[
K̄ o

ee

]
ϕ =

∫

Ao

({δEm}T [Gmn]{En}) dA
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